We investigate the observational signatures of many-field inflation and present analytic expressions for the spectral index as a function of the prior. For a given prior we employ the central limit theorem and the horizon crossing approximation to derive universal predictions, as found previously. However, we also find a specific dependence on the prior choice for initial conditions that has not been seen in previous studies. Our main focus is on quadratic inflation, for which the initial conditions statistics decouple from those of the mass distribution, while other monomials are also briefly discussed. We verify the validity of our calculations by comparing to full numerical simulations with 10 2 fields using the transport method.
Introduction -Inflation is the leading paradigm for the generation of primordial perturbations that seeded structure formation. The latest Planck results confirm the generic traits of this paradigm and are compatible with the simplest models of single field slow-roll inflation [1] . In such models, the dissipative nature of inflationary dynamics reduces the order of the scalar-field equation from second to first providing a notion of initial conditions independence [2, 3] . This leads to specific predictions for cosmological observables, e.g. the scalar spectral index, its running and the tensor-to-scalar ratio. For the simplest model, quadratic inflation, these are given by n s = 1 − 2/N * , α s = −2/N 2 * and r = 8/N * , where N * corresponds to the CMB horizon crossing moment.
Though CMB data are well described by the predictions of single-field inflation, UV-complete theories naturally predict many light scalar fields to be present in the early universe. A natural question then concerns the generalization of single-field observables to multiple fields with a non-trivial potential V (Φ i ) with i = 1, . . . , N f and a Cartesian metric on field space. While complicated in general, analytic control can be achieved in the slow-roll slow-turn limit with (again neglecting the acceleration)
However, in this approximation background dynamics is not determined uniquely 1 . Instead, Eqs. (1) yields an N f -dimensional hypersurface in 2N f -dimensional phase space and therefore there is an (N f − 1)-dimensional hypersurface that represents CMB horizon crossing. This results in an intrinsic dependence of the observables on the initial conditions, even in the slow-roll limit.
Turning to perturbations, analytical expressions for an arbitrary number of fields exist in the horizon-crossing approximation 2 [5] [6] [7] [8] . This method takes into account superhorizon evolution of curvature perturbation but ignores contributions from the fields' position at the end of inflation. Moreover, it assumes the slow-roll approximation and an analytic expression of N e in terms of the fields, and thus its applicability is more limited. On the contrary, the standard numerical approach is by means of the transport method [10] [11] [12] [13] [14] [15] which solves the perturbations' equations of motion equivalent to tree level in the in-in formalism, and requires no slow-roll or horizon crossing approximations.
A simple and well-studied multi-field model is Nflation, consisting of a sum of quadratic potentials [16, 17] . Early investigations relied on the horizon crossing approximation which allows for simple calculation of the spectral index, tensor to scalar ratio, running and nongaussianity. More specifically, r is found independent of initial conditions and the number of fields [18] , whereas the spectral index and its running inherits the dependence on initial conditions [19, 20] .
N-flation has received interest in the axion landscape community, see e.g. [21] [22] [23] , because it can approximate inflation towards a cosine minimum. These models can make universal landscape predictions based in part on the universality of N-flation [24] . A similar predictivity has been found in recent many-field numerical investigations in other contexts [14, 15, 25, 26] . It is the goal of this paper to elucidate these simple predictions of manyfield models and investigate their prior dependence. i, * = 4N * (star quantities are evaluated at horizon crossing). If evolution has started at an earlier number of e-folds their values at horizon crossing will be related to the initial displacements through the slow-roll equations of motion (1)
where Φ i are the initial field displacements with Φ 2 i = 4N 0 . The new time variable is defined by dN = −V dτ and ranges from τ = 0 to τ * during N = N 0 to N * (the e-folding number runs backwards).
The previous sums can be rewritten in a convenient way by introducing the sample average A i ≡ N f A s . This quantity is in general not equal to the expectation value A ; only when the conditions of the central limit theorem are satisfied the two coincide at N f → ∞. In our problem, expectation values correspond to double integrals
where P (φ, m 2 ) is the joint distribution of fields and masses. When the two random variables are independent, the probability distribution becomes productseparable and the average value splits to product of av-
Rescaling the initial values of the fields Φ i = 2 N 0 /N f φ i their sample average becomes equal to φ 2 s = 1. Thus, the spectral index at horizon crossing in this notation is given by
where the sample averages are calculated for a specific realization of the fields and the masses and we used
For a choice of masses (drawn from a given mass distribution) the numerical value of the previous equation depends on the fields' realization, leading to an intrinsic initial conditions dependence 3 . In the following we will discuss two physically well-motivated priors that have been considered in the literature, the number of e-folds N 0 [9] and energy prior E 0 [27] and examine how time evolution affects predictions. For these two priors the distribution P (φ) is not necessary for calculation of n s since the field-or energy-dependent terms decouple from masses.
N 0 -prior: Every vector φ corresponds to a point of the N f -dimensional hypersphere with radius 1. The method to obtain a random point includes sampling from the multi-variate distribution N (0, 1) and then dividing by the norm of the vector. Assuming that the φ i 's are uncorrelated with the masses (including the time dependent term e −2λiτ * ) and employing similar techniques as [25] , one can show that at the limit of infinite number of fields the ratio in Eq. (4) is normally distributed with mean
and standard deviation that scales as 1/ N f ; thus, we expect sharp many-field predictions. The expectation values are integrals over the mass distribution that should be evaluated at τ * , the latter given as a solution of the integral equation
Thus, this choice of prior results in a spectral index that is given by a specific time-dependent combination of the moments of the mass distribution: at τ = 0, i.e. starting at a random point on N * , this is given by the variance of the distribution, while starting at a random point at a higher N 0 there will also be higher-order moments that contribute. E 0 -prior: Instead one can start with a fixed initial energy E 0 , and assume the energy per field to be uncorrelated with the mass distribution. Defining initial energies
The central limit theorem implies that, at large N f , the ratio in (4) becomes
The initial energy and the number of e-folds are related by E 0 = 2N 0 / m −2 while τ * is calculated by Eq. (6). Hence, for this initial conditions prior, the spectral index is given by a different time-dependent combination of the moments of P (m 2 ). The asymptotic behaviour (for either prior) can be inferred as follows: for sufficiently large time τ * 1 if the lightest field is non-zero it will dominante the numerator and denominator in Eq. (4) and the ratio asymptotes to e Using Eq. (6) this term is equal to 1 and so n s → 1 − 2/N * , the single field result. On the contrary, if the mass distribution is gapless (i.e. the lightest field is massless) the previous ratio becomes undefined and the asymptotic value only depends on the behavior of the mass spectrum around the massless point. Precisely, for a mass spectrum with lowest order term P (λ) ∝ λ α + O(λ 1+α ), the asymptotic value is given by
where γ = 1 for the N 0 -prior, γ = 0 for the E 0 -prior and γ + α > 0. We the compare the transport method (orange) and our analytic result (dashed, red) for initial conditions drawn uniformly over the hypersphere. At each radius, the numeric data are binned into a box and whiskers marking the 50% and 95% confidence intervals respectively. Agreement is at the per mil level.
Finally, the above formalism allows for a straightforward calculation of the running, by deriving Eq. (4) w.r.t. N * . This results again in specific combinations of the (time-dependent) averages q k ≡ e −2m
at lowest order in slow-roll.
Numerical results -The above approximations and trends are confirmed by full numerical simulations. We use the Inflation.jl transport code 4 , which is capable of solving the perturbations' equations of motion for N f ∼ 100 using the transport method. We take the mass distribution to be Marcenko-Pastur [20] 
where a = σ
The overall normalization σ 2 drops out of the spectral index, and β sets the width of the distribution. With these mass distributions and a horizon crossing surface at N * = 55, we have taken 100 samples per prior and plotted the spectral index in Figs. 1-3 Transport method simulations of 100-field N-flation with initial conditions set to a fixed radius (i.e. a fixed number of e-folds) and masses drawn from the Marcenko-Pastur distribution with β = 1 (a gapless spectrum). We the compare the transport method (orange) and our analytic result (dashed, red) for initial conditions drawn uniformly over the hypersphere. At each radius, the data are binned as in Fig. 1 . Agreement is at the per mil level.
There are a number of striking results that follow from our general analysis. First of all, for a given initial hypersphere of the N 0 -prior, the probability distribution has a clear peak in the many-field limit. Secondly, this peak value depends on the radius of the initial hypersphere. The peaked distribution was already found in [24] but not the dependence on the initial hypersurface. Instead, we see a clear trend: starting at N 0 = 55 the spectral index set by the variance of the mass distribution, the peak value first goes down and reaches a minimum around N 0 ∼ 160 for the specific mass distribution of Fig. 1 . Starting at yet larger radii, the heavier fields have more time to decay and this will eventually result in a single-field prediction in the large N 0 limit.
The presence of a minimum in n s (N 0 ) (i.e., a minimum of n s at some initial radius N 0 with N * < N 0 < ∞) can be estimated by requiring that n s (N * ) is lower than its asymptotic value and dn s /dτ | τ =τ * < 0. For a mass distribution with m 2 = 1 and an asymptotic relation n s → 1 − c/N * , these conditions imply a minimum will occur whenever m 4 > c − 1 and m 6 < 2c(c − 1). For Marcenko-Pastur, the expectation values for the quartic and sextic moments are given by 1 + β and 1 + 3β + β 2 , respectively. The gapped case that we consider has β = 1/2 and asymptotes to c = 2 and therefore satisfies both conditions, leading to a minimum at the (N 0 , n s ) plot.
Next, we examine the gapless Marcenko-Pastur distribution with β = 1 in Fig. 2 for the N Transport method simulations of 100-field N-flation with initial conditions set to a fixed energy (i.e. constrained to a hyper-ellipse) and masses drawn from the Marcenko-Pastur distribution with β = 1/2. The data are binned by the number of e-folds an equipartitioned-energy initial condition would have at the same energy, over a range of energies. The number of e-folds varies by as much as ±30% from equipartitioned energies. At each energy, the data are binned into a box similarly to Fig 1, or alternatively the unbinned data are displayed in the inset. The dashed red line marks our corresponding many-field analytic result. Agreement is at least at the per mil level.
massless point p(m 2 ) ∼ m −1 , in accordance to the discussion in the previous section. Due to the lower asymptotic value, no minimum occurs.
Finally, we examine the E 0 -prior, which corresponds to selecting random field values that have a fixed energy, forming a hyper-ellipse. When starting at CMB horizon crossing, this will lead to the spectral index determined by the moments m −2 , m 2 . For higher energies the resulting spectral index at CMB horizon crossing can be easily calculated from the time-dependent moments, and is illustrated in Fig. 3 . We provide a similar numerical analysis that confirms the trend in this evolution. 
where τ has field dimensions for n = 2. Using e.g. the N 0 -prior introducing normalised fields Φ i = 2n N 0 /N f φ i and the rescaled time ξ = τ (2nN 0 /N f ) n/2−1 , the moment of CMB horizon crossing is given by The horizon crossing formula is similarly
For N f → ∞ sample averages can be calculated from expectation values if the distribution of φ i is known.
Because of the hypersphere constraint, the distribution P (Φ) is not a Gaussian for finite N f (for instance, the distribution for one field is a sum of two delta's located at ±1). However, when N f → ∞ the distribution P (Φ), which can be seen as the distribution of components of a random vector on the N-sphere, asymptotes to a Gaussian distribution with zero mean and standard deviation 1/ N f . For the rescaled fields φ their statistical moments 5 for N f → ∞ can be reproduced by the expectation values φ n using P (φ) = e −φ 2 /2 / √ 2π. With the distribution of the fields known, expectation values correspond to double integrals over fields and 'masses' λ.
In Fig. 5 we depict numerical simulations for quartic fields using the N 0 -prior. In contrast to the quadratic case, there is no minimum, since the conditions for its existence are not satisfied, and instead we observe a monotonic increase towards the asymptotic value. The horizon crossing formula is again in a good agreement with the numerical results.
Discussion -In this paper we have examined inflationary observables of sum-separable monomial potentials in the horizon crossing approximation and provided elegant analytical expressions. Although for a chosen prior there are in principle infinite different field and mass realizations (parameterized as random variables), the computed distribution of observables in the manyfield limit has a sharp peak. This universality can be attributed to the central limit theorem since the analytical formulae include sums of random variables. This universality is offset, however, by a strong dependence on the prior and the mass distribution. Different priors, as seen in Figs 1-3 , can lead to different predictions, both in the spectral index and its running. Specifically, for a gapped mass spectrum, the predictions range from variance-dominated to the single-field limit. Instead, for gapless mass distributions, the behaviour of the probability distribution for the lightest masses strongly determines its asymptotic behavior at high N 0 , as seen in Fig. 2 .
In the absence of a non-trivial scalar-field geometry, observables derived for quadratic potentials can be seen as generic: the large-N f limit pushes the horizon crossing point towards the minimum in field space, where more complicated models can be approximated with a quadratic potential. This suggests that the universality and prior dependence identified in this paper should apply to a range of more general models as well. It would be interesting to investigate the scope of our results in this direction, as well as to investigate the effects of scalar geometry in the many-field limit.
